ABSTRACT. In this paper we study equivalence classes of binary vectors with regards to their rotation by using an algebraic approach based on the theory of linear feedback shift registers. We state the necessary and sufficient condition for existence of an equivalence class with given cardinality and provide two formulas. The first represents the sharp distribution of cardinalities for given length and Hamming weight of binary vectors and the second enables us to determine the number of different classes with the same cardinality.
Introduction
In cryptography and coding theory, there are many algorithms, which use rotation of a binary vector. One interesting example is the McEliece cryptosystem [4] , [5] that uses quasi-cyclic codes, e.g., QC-LDPC (low-density parity-check codes) as proposed by B a l d i et al. [1] , [2] . Another interesting example, where equivalence classes of rotation of binary vectors are studied, is the rotational cryptanalysis of various cryptosystems [7] .
McEliece version with QC-LDPC codes uses quasi-cyclic matrices, which are matrices consisting of blocks of binary circulant matrices. A binary circulant matrix is a matrix, in which each row vector is rotated one element to the right relative to the preceding row. It is therefore helpful to know the corresponding equivalence class of a binary vector with regards to its rotation and the cardinality of this class. These rotations are calculated in the real time in the implementation of these cryptosystems, since it is sufficient to store into memory only the first rows of used binary circulant matrices and the other rows can be computed on-demand by simple rotations, which greatly lowers the memory requirements. This paper deals with the sufficient and necessary condition for the existence of a class with given cardinality and the formulas presented in this paper can be used to determine the structure of classes for binary vectors with given length and Hamming weight, i.e., they present the sharp distribution of cardinalities and the number of different classes with the same cardinality.
Rotational equivalence classes
Let V n be n-dimensional vector space over F 2 , and E t = e | hw(e) = t ⊂ V n , where hw is the Hamming weight. Number of such vectors is equal to n t , i.e., |E t | = n t . Let A be the associated n×n matrix to the characteristic polynomial All divisors of 10 are 2, 5, 10, but there is no class with cardinality 2.
Remark 1º A necessary condition for having the same cardinality for all classes is n | n t . From [6] it can be deduced that n t is divisible by n gcd(n,t) . Thus, if gcd(n, t) = 1, then n t is divisible by n. The converse is not true, e.g., Next we concatenate u from smaller parts. Thus we will speak about words over the alphabet {0, 1} of a given length, i.e., elements from the free semigroup S = {0, 1} * . If there is a class with d elements,
( 1) and we can concatenate u from words w On the other hand, if all classes have the same cardinality d and gcd(n, t) = k > 1, then we can construct two words, namely
, which yields |u n | = n, and
From the construction it follows that |v n | = n/k = n, a contradiction with our supposition.
This completes the proof.
Here is a more complex example: 
By Theorem 1 we can exclude in this formula all summands d for which
There are 2 trivial cases
Let for given n, t; D n,t be the set of all d for which summands in Formula 3 are non-zero. Using the proof of Theorem 1 we can easily derive a formula for all non-trivial and non-zero C(n, t, d):
Example 3. We apply formula (5) to our examples: 
Conclusion
In this paper we studied equivalence classes of binary vectors with regards to their rotation. We used the theory of linear feedback shift registers, since the rotation of a binary vector can be modeled by a register with corresponding characteristic polynomial f (x) = x n + 1. We stated necessary and sufficient condition for the existence of such classes with given cardinalities, and provided a formula that can be used to determine the structure of equivalence classes for binary vectors with given length and Hamming weight. One of the applications of our results are the quasi-cyclic codes used in the McEliece cryptosystems based on QC-LDPC codes, since we are able to determine the existence of square n × n binary circulant matrices with n distinct rows and the structure of binary circulant matrices, e.g., the number of distinct rows, depending on the length n and Hamming weight t of the first row.
